Mixtures of cold bosonic atoms in optical lattices undergo phase separations on different length scales with increasing inter-species repulsion. As a general rule, the stronger the intra-species interactions, the shorter is this length scale. The wealth of phenomena is documented by illustrative examples on both superfluids and Mott-insulators.
The first experimental realization of the superfluid to Mott-insulator phase transition of cold bosonic atoms in optical lattices (OLs) [1] , following the theoretical suggestion in [2] , has boosted the community to study the physics of bosons in OLs, see, e.g., the recent review [3] and references therein. Recently, mixtures of bosonic species in OLs have attracted ample attention, see, e.g., Refs. [4] [5] [6] [7] [8] [9] [10] [11] [12] . Obviously, the physics of bosonic mixtures trapped in OLs is more intricate than that of the single-species case [1] [2] [3] 13, 14] . For instance, due to the inter-species interaction additional quantum phases appear [5] [6] [7] 9] .
Phase separation is a basic phenomenon distinguishable particles can undergo with increase mutual repulsion. How does a mixture of bosonic atoms undergo phase separation in an OL, instantly or, perhaps, step by step? Is there a difference between phase separation of two superfluids or of two Mott-insulators? In answering these questions, we show below that a bosonic mixture in OLs undergo a wealth of phase separations on different length scales. As a general rule, the stronger the intra-species interactions, the shorter the length scale in which phase separation in OLs can take place. More details are given below. Phase separation, by definition, happens in real space, which is 'where' we choose to attack this problem.
Our starting point is the many-body Hamiltonian describing interacting N = N A + N B bosons, N A bosons of type A and N B bosons of type B, in an optical lattice,
Here H A is the usual single-species Hamiltonian (for the A-type bosons), containing onebody h A and two-body interaction terms. Similarity, H B describes the B-type bosons.
W AB contains the inter-species two-body interaction terms. In what follows we employ the common contact interaction between all bosons in the mixture, see, e.g., Ref. [15] , where the corresponding interaction strengths are denoted by g A , g B and g AB and are proportional to the intra-and inter-species s-wave scattering lengths.
As mentioned above, we are to attack the properties of a bosonic mixture in the OL in real space. Recently, a multi-orbital best-mean-field ansatz for single-species bosonic systems 2 has been derived [16] and led us to predict a wealth of quantum phases and excitations of strongly-interacting bosons in OLs [14] and novel phenomena associated with fragmentation and fermionization of bosons in traps [17] . Anticipating that an approach similar in spirit would be valuable for mixtures of bosons in OLs, we proceed to construct one.
Consider the Hamiltonian (1) in the absence of intra-species interaction, W AB = 0. The two species are then independent and can be treated separately. The total wavefunction of the system Ψ AB = Ψ A Ψ B is just a product of the wavefunctions Ψ A and Ψ B of the individual species. Take species A and write a multi-orbital ansatz for Ψ A . This amounts to attaching an orbital to each of the N A bosonic atoms. Generally, we may take n 1 A-type bosons to reside in one orbital, φ 1 (x), n 2 A-type bosons to reside in a second orbital, φ 2 (x), and so on, distributing the N A atoms among 1 ≤ n orb ≤ N A orthonormal orbitals. More formally,
S is the symmetrization operator and x i is the coordinate of the i-th A-type boson. Taking the expectation value of the Hamiltonian H A with respect to Ψ A leads to the single-species multi-orbital energy functional [16] :
In order to find the ground state of A bosons in the subspace of all possible configurations Ψ A , one has to minimize E A with respect to its arguments. These are the number n orb of orbitals in which the A-type bosons reside, the occupations {n i } of these orbitals and the orbitals {φ i } themselves which have to be determined self-consistently. Performing this minimization results in a system of n orb coupled, non-linear equations which is solved selfconsistently [14, 16] . Next, the B-type bosons are treated in exactly the same manner, and one only needs to introduce a separate notation for the B-type orbitals, their number and occupations, and the B bosons' energy-functional which we respectively denote by {ψ p }, m orb and {m p }, and E B . We point out that due to the distinguishability of the A-and B-type bosons, no relations are assumed between the φ's and ψ's orbitals which, therefore, 3 are a priori allowed to overlap.
With all ingredients at hand, let us switch on the inter-species interaction W AB . We now employ Ψ AB = Ψ A Ψ B as the ansatz for the wavefunction of the mixture including interspecies interaction, analogously to utilizing Ψ A as the ansatz for interacting single-species bosons [16] . Taking the expectation value of the full Hamiltonian H AB with respect to Ψ AB readily leads to the multi-orbital Bose-Bose energy functional:
Finding the minimum of E AB amounts to minimize it with respect to the variational parameters of E A and of E B which were already discussed above. But now, the inter-species interaction W AB couples all orbitals which, as we shall see below, leads to very many effects.
Before proceeding, it is gratifying to recognize that the two-component Gross-Pitaevskii approach, see, e.g., Ref. [15] , is a specific case of E AB (Ψ AB ) when all A-type orbitals are alike and all B-type orbitals are alike, namely n orb = m orb = 1.
The multi-orbital Bose-Bose energy functional (3) can be employed to study demixing in optical lattices by following the ground state as the inter-species repulsion grows. Let us examine some of its properties. Consider a given bosonic mixture with fixed intra-species interaction strengths g A , g B and inter-species repulsion g AB (we shall only consider repulsive mixtures here). We can minimize the energy functional (3) and find the ground state, i.e., the set of orbitals {φ i }, {ψ p } and their respective occupations {n i }, {m p } that minimize E AB . For g AB ≪ g A , g B the single-species terms E A and E B dominate E AB because the inter-species interaction term (the third term on the r.h.s. of Eq. (3)) is much smaller. Consequently, both species can completely mix and spread all over the optical lattice. Moreover, the physics of each species is determined by its own parameters almost independently of the other species state. Increasing g AB influences the physics of both species. In order to reduce the inter-species interaction energy in (3), the orbitals {φ i } and {ψ p } reduce their overlap in space. When g AB ≫ g A , g B we expect this overlap to vanish, which means that the two species completely separate and occupy different regions in space. In between these two extreme cases, as we shall see below, there can be many intriguing possibilities of phase separation on smaller length scales. In fact, even when the two species fully separate in space there are differences, e.g., between two superfluids and two Mott-insulators.
In a general bosonic mixture, the A and B bosons have different masses, filling factors and intra-species interactions, and they can possibly feel different optical potentials. Here, to capture and explore the richness of possibilities, still maintaining a coherent line of exposition, we consider both A-and B-type bosons to have the same mass, the same intra-species repulsion g A , g B and filling factors, denoted hereafter by f A , f B , and to feel the same optical lattice. Additionally, we examine mixtures in one-dimensional optical lattices. It is convenient to introduce the dimensionless coordinate x in which the one-body Hamiltonian (of each species) reads h = − 1 2
, where E R stands for the depth of the optical lattice in recoil energy units. Throughout this work we take E R = 20. The coupling constants g A ,g B and g AB are now related to the scattering lengths and the confining parameters of the transverse directions [18] . In one-dimension one often expresses the strength of (intra-particle) interaction in terms of the dimensionless parameter γ A which is the ratio of interaction and kinetic energies. In the above units one has γ A = π we minimize the energy functional (3) and find that it is minimized when all A bosons reside in one orbital and all B bosons reside in another orbital, i.e., n orb = m orb = 1. Therefore, for these parameters the best mean-field of the bosonic mixtures is the two-component GrossPitaevskii approach [15] . How do the corresponding orbitals look like? They are delocalized over the whole lattice, see Fig. 1A . Obviously, no demixing occurs. Next we consider a much stronger repulsion, g AB = 1, and reminimize E AB . We again find that Eq. (3) is minimized with one orbital per species; the orbitals, however, now separate in space, see The above phase separation of two superfluids is on the longest possible length scale,
i.e., of the order of the lattice size. We notice that the length scale available for phase separation is simply determined by the sizes of the orbitals in which the different species reside. This brings about the following idea. If we could make the sizes of these orbitals smaller then we might be able to realize states where the bosonic species are phase-separated on a shorter length scale. How can we make the size of the orbitals smaller? By increasing the intra-species interactions each species would independently fragment, namely it would occupy more orbitals of smaller sizes, see Ref. [17] . Along these lines, we consider two strongly-interacting superfluids, specifically we take g A = g B = 0.1 with g AB = 0.1, and
. Minimizing E AB we find that: (1) each boson resides in a different orbital, (2) each orbital is spread over two lattice sites, and (3) orbitals of different species are alternating in position, see Fig. 2A . In other words, phase separation on a much shorter length scale has been achieved. Taking now a much stronger inter-species repulsion, g AB = 10, the strongly-interacting superfluids fully demix, see Fig. 2B . Next, we take the same interaction parameters but smaller filling factors, f A,B = 1 6 , to allow for more space for each boson. and take g A = g B = 0.1. By minimizing E AB for g AB = 0 we obtained that all bosons reside in different orbitals and that each orbital is spread over two lattice sites.
Of course, this is a system of two independent species, each being a strongly-interacting superfluid. What happens as we switch on g AB ? For a small inter-species repulsion, g AB =
10
−3 , all orbitals are still spread over two lattice sites and arrange in a staggered conformation as shown in Fig. 1C where there is half an A and half a B boson per site. For g AB = 0.1, all orbitals shrink to the size of a single site and the system is now in a Mott-insulator state where the A and B atoms arrange in alternating sites, see Fig. 1D . In other words, phase separation on a length scale of one lattice size has happened. It is relevant to mention that an alternating pattern has been obtained by describing the bosonic mixture in the OL within an effective-spin Hamiltonian [9] . Finally, taking a much larger inter-species repulsion, g AB = 10, a complete phase separation of the Mott-insulator state of the mixture emerges, see Fig. 1E . It is instructive to examine the interface region of the two separated species, which shows no visible lowered density, contrary to the case of two phase-separated superfluids shown in Fig. 1B . The reason is that the two-species Mott-insulator is incompressible.
We have also investigated a mixture with the filling factors f A,B = 1 and g A = g B = 0.1.
By minimizing E AB for g AB = 0 we find that each boson resides in a different orbital located on a single lattice site. For g AB = 10 −3 we still have two Mott-insulator phases which sit atop one another, like in Fig. 3A . For g AB = 0.1 we obtain that E AB is minimized by having two bosons per orbital. Hence, half the number of orbitals is required and, side by side, phase separation within neighboring sites occurs similarly to Fig. 1D . Increasing the interspecies repulsion enforces particles of the same kind to share space and thereby enlarge the separation length-scale size. Finally, for a much larger inter-species repulsion, g AB = 10, full phase separation occurs like in Fig. 1E , but now with two bosons per orbital.
Till now, we have described phase separations scenarios on length scales down to a single lattice site. As it turns, we cannot have phase separations on a shorter length scale if we are to stay in the 'lowest band' of the lattice. Let us now increase the interaction strengths such that 'higher bands' must be taken into account, see, e.g., [14] , to properly describe the ground state of the bosonic mixture. We consider the filling factors f A,B = 1 and the intraspecies parameters g A = g B = 10. Obviously, for g AB = 0 we have two strongly-interacting Mott-insulators which sit one atop the other. This is also the situation for g AB = 1, see Fig. 3A , and there is nothing in the appearance of these orbitals to tell us what is about to happen when g AB is increased. For g AB = 10 we do obtain phase separation on the shortest length scale, namely inside a single lattice site, see Fig. 3B . In each site, the two orbitals are pressed one against the other and thus narrow, and localize at the borders of the lattice site. In other words, the inter-species repulsion is sufficient to make the A and B bosons to separate in each site and form hetero-atom 'pairs'. What happens when g AB is further
increased? For g AB = 30 we get an alternating arrangement of now homo-atom 'pairs', see 
